PROBLEM SET 2

e Using the half space Liouville theorem from Problem set 1, prove the following boundary
Schauder estimate for Laplace operator (again by Simon’s blow up argument): Denote
by Bf; = BgN{x, >0} CR" and Sg = BgN{z, = 0}. Let u € C?(Byp) satisfies

Au=f in Byg
U=¢ on Sy,
then
[Hessyllcoo(sr) < CUfllcoaan) + 19llc2es:m))-

e Using the boundary Schauder estimate above and fixed coefficient argument as in the
lecture to prove a global Schauder estimate (up to the boundary).

2. Let (K,d) be a compact metric space.

e (Arzela—Ascoli) Let F C C(K). The family F is called equicontinuous if for every e > 0
there exists 0 > 0 such that for all x,y € X,

dlz,y) <6 = |f(x)—fly)|<e for all f € F.

Prove that F is relatively compact in C'(K) if and only if it is uniformly bounded and
equicontinuous.
e (Compact Holder embedding) Let 0 < § < a < 1. Prove that the embedding

OO0 (K) — CO4(K)

is compact.
e If K is not assumed to be compact, is the embedding

CO(K) — C*P(K)
still true?
3. (Interpolation inequality) For any ¢ € (0, 1) there exists C. so that the following holds:
[ullc2(my) < ellullcze (s, + Cellullzes,).-
Hint: Use a blow up / contradiction argument and assume to the contrary

[umlloz(mry > ellumllczeamy + mlluml Loz, m = oo



