LECTURE 5: ¢ - REGULARITY THEOREM AND PARTIAL
REGULARITY FOR HARMONIC MAPS

SHENGWEN WANG

Let u: Q C R" — (N, h) be a map into a compact Riemannian manifold N (isometri-
cally embedded in R¥). The Dirichlet energy is

1
E(u;Q) = §/§2]Vu]2 dx,

and its critical points under compactly supported variations are the harmonic maps.
Let N C R¥ be a Nash embedding. Consider a smooth family of variations u, : Q — N
with ug = v and the first variation field

olz) = 2

= % us(x) S Tu(x)N

s=0

must be tangential because the maps u, all have images in N.
Critical points of the energy satisfy
d

0= —
ds

E(us; )

s=0

1
—/\VUSIde
s=02 Q

= /Q<Vu, V) dx

Z—/Q<Au,so> dz,

a4
ds

for all ¢ € C°.
This implies that Au(z) is orthogonal to T, N for a.e. z, i.e.

Au(r) = Au(z)* = Z(ng@iu)L = A(u)(Vu, Vu)

i=1
Thus the Euler-Lagrange equation for critical points of the Dirichlet energy under varia-
tions through maps into N (the harmonic maps) is

(0.1) Au = A(u)(Vu, Vu) .
Let u: Q2 C R® — N be a smooth harmonic map, and set

e = |Vul®.
1
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Then the Bochner identity for harmonic maps gives
(0.2) Ae = 2|V?u|* — 2( RN (Vu, Vu)Vu, Vu),

where R denotes the Riemann curvature tensor of the target manifold N.
Since N is compact, its curvature is bounded, and hence

(0.3) —Ae<Cé? in €,

for a constant C' > 0 depending only on the geometry of N. The inequality (0.3)) is
understood in the weak (distributional) sense for u € W2,

1. EPSILON-REGULARITY

Theorem 1.1 (Epsilon-regularity in dimension 2). There exists g > 0 such that the
following holds. If u: By C R?> — N is a weak harmonic map satisfying

/ |VU‘|2 < ¢o,
By

1/2
||VUHL°°(B1/2) S C (/B; ’VuP) 7

where C' depends only on the geometry of N. In particular, uw € C*(By2).

Proof. We want to apply Moser iteration to ((0.2))
Fix 0 < p < R <1, and let n € C°(Bg) satisty

then

2
R—p
For p > 1, multiply (0.2) by n?eP~! and integrate by parts, we get

/Aen2ep_1 S/C’n2e”+1
/Znep_l(Ve, Vn) +/(p— 1)n?eP~2|Vel? S/CnQe”H
~2 [ 1VellValner + (o= pper2ivep < [ oper

2 —1
—/E—ﬂwﬁw—/ﬂymw”ww+/@—nﬁwﬂwﬁs/&ﬁﬁl
p—

n=1on B, 0<n<l, V| <

Namely

(1.1) /]V(nep/2)|2 < C’/|V77|2€p+0/7726p+1.

By Sobolev embedding W*? — L compactly for ¢ < 2% we have

lell 5.2 ) = Cullellzo -
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In dimension n = 2, this directly implies L? bound of u for any ¢ > 1

In dimension n > 3, by choosing ¢ < W we get an improvement as
p 2n—9

Moser iteration then implies L bound of e by LP*! bound of e. (Although the energy
bound only implies L' norm of e, so we don’t a priori have LP*! bound of u to get L™ by
the Dirichlet energy.)

O

This can be generalized to the case of minimizing harmonic maps in higher dimensions.

Theorem 1.2 (Schoen—Uhlenbeck e-regularity). Let n > 3 and let N be a compact Rie-
mannian manifold. There exist constants e > 0 and C' > 0, depending only on n and the
geometry of N, such that the following holds.

If u € WY2(B,(x¢), N) is an energy-minimizing harmonic map and

(1.2) ﬁ7ﬂ/ |Vul? < &,
Br(x())
then w is smooth in B, y(xo) and satisfies the estimate
1/2
(1.3) sup |Vu| < Cr? (7“2_"/ |Vu|2> .
BT‘/Q(xO) Br(xo)

2. ESTIMATE ON THE SIZE OF SINGULAR SET AND PARTIAL REGULARITY

Using the epsilon regularity result, we say that the energy minimizing harmonic maps
are regular away from a measure 0 set. Indeed, one can estimate the Hausdorff dimension
of the singular set.

Theorem 2.1 (Schoen—Uhlenbeck partial regularity). Let n > 3 and let N be a compact
Riemannian manifold. Suppose that

u € WH(Q, N)
1§ an energy-minimizing harmonic map. Then there exists a closed set
xCQ

such that
(1) uw e C™(Q\X);
(2) the singular set 3 has Hausdorff dimension at most n — 2, i.e.

dimy(X) <n —2.

Proof. An important tool we use is the notion of energy density and the monotonicity
formula.
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For x € Q and r > 0 with B,(x) C €2, define the scaled energy
O(z,r) = 7’2_”/ |Vul?,
()

Since u is an energy-minimizing (hence stationary) harmonic map, the monotonicity for-
mula implies that 6(z,r) is nondecreasing in r. Therefore the limit

O(x,0%) = hm@(x T)

exists for every z € €.
Let €g > 0 be the constant from the e-regularity theorem and define the singular set

Yi={reQ:0(z,0") >e}.
By the e-regularity theorem, u is smooth in B, /2(zo). Hence
ue C(Q\Y).

It is not hard to see that the regular set is open and the singular set is closed.
Now fix a compact set Q' € Q. For each x € XN, by definition of ¥ and monotonicity,
there exists 7, > 0 such that Bj,. (z) C £ and

(2.1) / |Vul? > egor 2.
B’fz( )

The family {B,, (z)}+esnq is a covering of XN Y. By the Vitali covering lemma, there
exists a countable subcollection {B,,(z;)} such that

(1) the balls B,,(z;) are pairwise disjoint,
(2)

2N | B, (x
So by ([2.1) and the disjointness of the balls,

eoZr” 2 < Z/ V| :/ Vul? < / IVul? < cc.
i (751 UiBri(xi) Q

n2<_/|vu|2

Using the covering by Bs,. (x;) and the definition of Hausdorff measure, we conclude

Therefore

n—2 / no _ C(n) 2
" (zm)gom);(mi) §8—0/Q|Vu| < 0.

Since Q' € Q was arbitrary, it follows that H"%(X) is locally finite in €, and hence
dimy(X) <n—2.
U
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3. HARMONIC MAPS FROM S? AND MINIMAL SPHERES
Let N be a closed Riemannian manifold. Define
Epin(N) := inf {E(w) : w:S* — N nonconstant harmonic map} € (0, 00].

The key fact is that the e-regularity threshold in dimension two is controlled by
Emin(N)-

Theorem 3.1. Let 0 < g < Enin(N). Then there ezists C = C'(N,&q) such that:
Ifu:D CR? — N is harmonic and

1
B(u; D) 5/ Vul? < &,

D
1/2
sup | Val < ([ vup) "
D

Dy /o

then

and in particular u is smooth on D ;.

We see that singular points have energy concentration, and for harmonic maps from
S?, these energy concentration points are characterised by bubbling.

Theorem 3.2 (Bubbling and energy quantization). Let uy : S* — N be harmonic maps
with uniformly bounded energy:
Then, after passing to a subsequence, there exist:

e a harmonic map us : S — N,

e finitely many points ai,...,a; € S?,

e for each 7, finitely many nonconstant harmonic spheres

Wity ey Wim; - SQ — N,
such that:
(1) (Smooth convergence away from bubbles)
U = U Cin(S*\ {an, ..., ac}).

(2) (Energy identity)

¢ m;
Jim B(u) = Bluse) + ) E(wja)-
7j=1 a=1

(3) (Energy quantization) Each bubble satisfies
E(wja) > Enin(N).
Hence

(< A
o Emin(N)’

so only finitely many bubbles can occur.
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